1. Introduction In 7, 8] Haagerup introduced two isomorphism invariants 1 (A) and (M) for Calgebras A and von Neumann algebras M, based on appropriate forms of the completely bounded approximation property de ned below. These de nitions have obvious extensions to operator spaces and dual operator spaces respectively, and in 16] we established the multiplicativity of on the ultraweakly closed spatial tensor product of two dual operator spaces X and Y:
(X Y) = (X ) (Y):
In this paper we consider the analogous formula
where ! is an operator space tensor product norm on the tensor product of all pairs of operator spaces X and Y. We show that this is valid under conditions on ! which are su ciently mild that they are satis ed by many of the standard operator space tensor product norms. In particular, our results apply to the spatial, Haagerup, and operator space projective tensor products.
For a complex vector space V; IM p;q (V) will denote the vector space of p q rectangular matrices with entries from V, abbreviated to IM p (V) if p = q. When V is C we will write simply IM p;q or IM p as appropriate. An operator space E is a subspace of B(H) for some Hilbert space H and so there is a natural sequence of norms on IM n (E), induced by regarding IM n (E) as a subspace of IM n (B(H)) and identifying this algebra with B(H H). Each rectangular space IM p;q (E) embeds into a larger square one, and so we also obtain a norm on IM p;q (E) for any pair of integers p and q. It 
We will require a third property of the operator space tensor product norms which we consider. If S: X 1 ! X 2 and T: Y 1 ! Y 2 are completely bounded maps between operator spaces then there is a map S T on the algebraic tensor product X 1 Y 1 into X 2 Y 2 .
Recalling that X ! Y is de ned for all pairs of operator spaces, it may be the case that S T: X 1 ! Y 1 ! X 2 ! Y 2 is completely bounded and satis es (P3) kS Tk cb = kSk cb kTk cb .
A stronger condition than (P3) was considered in 2]. In the terminology of that paper, if ! and ! are operator space cross norms and ! is also a uniform operator space tensor norm then (P1){(P3) are satis ed. We will refer to an operator space tensor norm which satis es these three properties as admissible, and we now give some examples. It was shown in 16] that these constants are equal, so that 2 (X ) and 3 (X ) are to be regarded as convenient reformulations of 1 (X ). In particular, 3 (X ) is independent of the collection C of subspaces used to de ne it, and this will allow us to make a suitable choice for C in Theorem 2.2 below.
We refer the reader to 4, 5, 7, 8, 9, 16] for further information on the Haagerup invariant, and to 12] for the theory of completely bounded maps.
The main result
Let F E X be nite dimensional subspaces of an operator space X, where we view F as xed and E as variable. In general the operator space projective tensor product is not injective, and so the norm k k^on F b E will not coincide with the restriction to F E of k k^on X b E . The restriction of this latter norm to F E will be denoted by k k E . The trace functional on (F E ; k k E ) is de ned by By de nition of 2 (X ), we may nd a nite dimensional subspace F 1 of X such that, for any nite dimensional subspace E 1 containing F 1 , there cannot exist S: X ! E 1 satisfying kSk cb ; S = I on F 1 :
In the same way we may nd a nite dimensional subspace F 2 of Y such that for any larger nite dimensional subspace E 2 , there does not exist T: Y ! E 2 satisfying kTk cb ; T = I on F 2 :
For the de nition of 3 (X ! Y), choose C to be the collection of nite dimensional subspaces of the form E 1 E 2 . Then, since 3 (X ! Y) < , there exists a nite dimensional subspace E 1 E 2 containing F 1 F 2 and a map R: X ! Y ! E 1 E 2 X ! Y satisfying kRk cb < ; R = I on F 1 F 2 :
(2:7) Let 1 ; 2 and denote the traces on F 1 E 1 , F 2 E 2 and (F 1 F 2 ) (E 1 E 2 ) respectively. By Proposition 2.1, (2.5) and (2.6), we may nd elements u i 2 F i E i (i = 1; 2) such that ku i k E i < 1; (i = 1; 2); j 1 (u 1 )j > ; j 2 (u 2 )j > : We have already noted that the minimal tensor product norm, the Haagerup norm and the operator space projective tensor product norm are admissible, so the following is a special case of the theorem. . The de nitions of ( ) and 1 ( ) are formally very similar, so it is natural to ask whether results for one can be deduced from results for the other. Speci cally, a relationship between 1 (A) and (A 1 ) or between 1 (A) and (A 00 ) would be required. The following examples suggest that this is not a fruitful approach.
In 4], the authors found reduced group C -algebras A n for which 1 (A n ) = 2n + 1; n 1; and subsequently it was shown in 1] that these algebras are simple. Consequently they have faithful irreducible representations as algebras B n on a separable Hilbert space H.
Then the ultraweak closures are all equal to B(H), so we have the situation 1 (B n ) = 2n + 1; (B 00 n ) = 1; n 1:
In 11] an example is given of a C -algebra A containing the algebra of compact operators K so that A is not exact, but 1 The second author is grateful to Professor U e Haagerup for enlightening discussions of these points.
(ii) We do not know if a similar result holds for the maximal tensor product of C -algebras.
Huruya 10] has shown that (P3) fails for this tensor product. This does not rule out the possibility of such a result, but seems to make it unlikely. A weaker question is: if A and B are C -algebras and 1 (A) and 1 (B) are nite, is 1 (A max B) nite?
